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Functional Method

We solve Problem 9.2 in Peskin—Schroeder.

(a)

We would like to evaluate the partition function
Z = trje™P¥] (1)

using the path integral. First of all, the trace of an arbitrary operator © over
the Hilbert space can be taken in any basis, e.g., energy eigenstates [n) or
position eigenstates |z},
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The next step is to divide up the Boltzmann factor e into many many

small pieces,
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For the Hamiltonian H = % + V(z), we compute the matrix element
{z|e~*H|y) for small ¢ = 3/N. We find

(zle=H|y) = (zle~P/me=V @e=0)y) (4)

because of the Baker-Campbell-Hausdorff formula. We ignore O(€?) piece
in the exponent. Then we insert the complete set of momentum eigenstates,
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At the last step, the limit N — oo was taken. This is nothing but the

Euclidean action, namely the action after the Wick rotation £ = —ir. The
path x(7) satisfies the periodic boundary condition x(A3) = x(0).

(b)

The specified expansion (h = 1 below),!
1 o
VB z Zne™7/? (8)

T use 7 instead of ¢ to distinguish real and imaginary times.

dr. (7)
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implies that x_, = z;,. In particular, xg is real. The Euclidean action is
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In the second line, we used m = —n from the 7 integral. Therefore, the
path integral is Gaussian and is given by the product of eigenvalues up to an
overall G-dependent (but w-independent) factor,
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Here, we used the infinite product representation of sinhz. Up to a (-
dependent (but w-independent) factor, it is®
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Z x [Pt = g v (11)

This precisely matches the known expression of the partition function for a
harmonic oscillator,
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As a prepration to the next problem, it is instructive to rewrite the Eu-
clidean action as

ha
Sg= }; dr %I{T:] [-82 + w®] 2(7), (13)

and hence .
det(—8? + w?)] /2 s (14)
Z = tl— — )

[det(—87 + w?) T

20ne can of course work out the overall factor carefully with a lot more work. See
http://hitoshi.berkeley.edu/2214/pathintegral . pdf
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(c)

The partition function is given in terms of the path integral
Z= fDr;tul[f, T)e5E, (15)

where the Euclidean action is (Ai=c=1)
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s f dF ?f dr % [:,ff* + (Vo) + m?qP] = j' dZ f dr %qa(—eﬁ + m?)o.
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Here, ¢ = dg/dr. The path integral therefore yields =
Z = [det(—8? + m?)]"/2 = [det(—82 — V2 + m?)] "2, (17)
This determinant is a product of many momentum modes V= i,
Z = [](det(—? + 2* + m?)] /2. (18)
7
Using the result from the part (b), the determinant is
Z= H 1—‘5:;_{-?% (19)
P

a
where w(p) = /7 + m?. This expression is indeed the partition function for
a relativistic boson of mass m.

(d)

We are given the Euclidean action
B i -
i j{ dr [ + wm;:] , (20)
0

Because of the anti-periodic boundary condition ¥(3) = —(0), we expand
it in Fourier series
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