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Textbook Problem 4.3(a):
The propagators are contractions of the free fields, thus for N distinct fields ®° of the same

mass m we have
7 k i k 1k ~F
o (ZL’) oo (y) = (ZL’) ¢ (y) = "G (x_y)mass:ma (1)
or in momentum space,
i0Ik

PJ F = ———
g? —m?2+10

(2)

The vertices follow from the perturbation operator
14 :/d3x (g(cb.q))? =3 (@) 4> 3@ ) (3)
J J<k

hence two vertex types: (1) a vertex involving 4 lines of the same field species ®/, with the
vertex factor —i% x 4! = —6i); and (2) a vertex involving 2 lines of one field species ®/ and 2
lines of a different species ®*, with the vertex factor —z— (21)2 = —2i). (The combinatoric
factors arise from the interchanges of the identical fields in the same vertex, thus 4! for the
first vertex type and (2!)? for the second type.) Equivalently, we may use a single vertex

type involving 4 fields of whatever species, with the species-dependent vertex factor

PJ Pt
= —2i\(67R61 4 g7t P 4 5T R, (4)
il o

Now consider the scattering process ® 4+ ®* — & + d™. At the lowest order of the
perturbation theory, there is just one Feynman diagram for this process; it has one vertex,

4 external legs and no internal lines. Consequently, at the lowest order,
M(DT + 08 — @f + ™) = —2x(57Fotm 4 §75hm 4 5ImskE) (5)
independent of the particles’ momenta. Specifically,
M(®' + 0?2 — o - 9?) = —2)
M@+ ot — @ 4 %) = -2 (6)
M@+ 0! — o 43!y = 61,



and consequently (using eq. (4.85) of the textbook)

do(®! + &* — o1 4+ ¢2) 22
dQc.m. B 1671-2EC2H] ’

do(®' + @' —» 249 )2 )
dQc.m. 16W2EC2H] ’

do(@'+ 0! — @1+ 1) 9N
d€c.m. - 16m2EZ,,

These are partial cross sections. To calculate the total cross sections, we integrate over df2,
which gives the factor of 47 when the two final particles are of distinct species, but for the

same species, we only get 27 because of Bose statistics. Hence,
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Textbook Problem 4.3(b):
The classical potential
V(@?) = —5u°(9%) + FA(®?)? (9)
with a negative mass term m? = —p? < 0 has a minimum (or rather a spherical shell of
minima) for
12
(I>2E<I)~CI):U2:7>O. (10)

Semi-classically, we expect a non-zero vacuum expectation value of the scalar fields, (®) # 0
with <<I>>2 = 02, or equivalently, (®7) = v6/Y modulo the O(N) symmetry of the problem.
Shifting the fields according to

oN(z) = v + o(z), P(r) = () (j < N), (11)
and re-writing the Lagrangian in terms of the shifted fields, we obtain
L = 300)* = p?o® + 3(01)* — Mo(o® +1%) — IAN0® + 1)+ const (12)

where 7 stands for the (N — 1)-plet of the 7/ fields, thus 72 = Zj(ﬂ'j)z.



The free part of the Lagrangian (12) (the first 3 terms) describe one massive real scalar
field o(z) of mass my = v/2p and (N —1) massless real scalars 7/ (x) which are the Goldstone
particles of the O(N) symmetry spontaneously broken down to O(N —1) (thus (N —1) broken
symmetry generators, forming a vector multiplet of the unbroken O(N — 1) symmetry).

Consequently, the non-zero contractions of the free o and 7 fields are

1
O’(l’) U(y) = GF(x - y)mass:ma ) (13)
] ;
() 7(y) = /" G (z = Y)mass=0
which give us two distinct Feynman propagators in the momentum basis,
1
o o = ——5——
g2 —2u2 4140’
(14)
) 167k
q% +1i0

The last two terms in the Lagrangian (12) give rise to the interaction Hamiltonian of the

linear sigma model, namely

V- /d3x<)\v€r3 + aei? + A6t + 2677 +

NP
—
=
()
S—
S
SN—"

(15)

The five terms in this interaction Hamiltonian give rise to five types of Feynman vertices.

Proceeding exactly as in part (a) of the problem, we obtain

il wt
= =20\ (67551 4 g7t 6hm 4 5T R (16)
ik "
and similarly
m o o o
= —2iA6%  and = —6i\. (17)
k g g o

™

The remaining two vertices have valence = 3 and follow from the cubic terms in the in-

teraction Hamiltonian (15). The analysis proceeds exactly as in the previous problem and



yields

e o

o = —2i\vd* and o = —6i\v. (18)

This completes the Feynman rules of the linear sigma model.

Textbook Problem 4.3(c):

In this part of the problem, we use the Feynman rules we have just derived to calculate the
tree-level 7w — 77 scattering amplitudes. As explained in class, a tree diagram (L = 0) with
E = 4 external legs has either one valence = 4 vertex (and hence no propagators) or two
valence = 3 vertices (and hence one propagator). Altogether, there are four such diagrams
contributing to the tree-level iM (79 (p1) + 7% (p2) — (p}) + 7™ (py)) — they are shown in

the textbook. The diagrams evaluate to:



Wj(Pl) WZ(PQ)

Wk(Pz) " (ph)
7 (p1) WZ(PQ)
. ik 4 . Im
>:< = (—2iAvd’") CETSLETy: (—2iAvd™™),
7™ (p2) ™" (ph)
..................................................................... y
7 (p1) w(p}) (19)
= (=2i\vd’t —2i vdk™),
I ( AR )
Wk(Pz) Wm(Plz)
™ (p1) w(p)
= (=2 vdi™ —2i\vd*h),
:D< ( o= =2 )
7™ (pa) T (ph)
which gives the net scattering amplitude
M(ﬂ'j(pl) +7Tk(p2) N ﬂ_é(p/) —|—7Tm(p/)) _ _2)\5jk6€m (1 + 2\v? )
! 2 (p1 + p2)? — 2p2
: 20?2
— 2)\§Fgkm (1 + ) 20
(p1 —ph)? —2u2 (20)
, 202
— 2\§Tm 5kt <1 + ) :
(p1 — ph)? —2u?

Now, according to eq. (10) Av? = p?, which makes for

2 2 2
(1 o) © e 1)
(p1+p2)? — 2 (p1+p2)? — 21




and ditto for the other two terms in the amplitude (20). Altogether, we now have

; + p2)? i0 ok (p1 — p})?
M = —zA(aﬂkafm x (p1 + gtk
(p1 + p2)? — 2p2 (p1 —p))? —2p2
o 1)\2
+ 5jm5k€ « (pl p2) )’
(p1 — ph)? — 2p2

(22)

which vanishes in the zero-momentum limit for any one of the four pions, initial or final.

Indeed, since the pions are massless, (p1)? = (p2)? = (p])? = (ph)? = 0 and hence

f
s = (pr+p)? = 0L +ph)? = F2(mp2) = +2(piph),
def
t = W -p)? = (h—p)? = —20ip1) = —2(php2), (23)
def
u = (P —p2)? = -0 = —2(mph) = —2(p\p2),

this whenever any one of the four momenta becomes small, all three numerators in the

amplitude (22) become small as well, thus M = O(small p).

Please note that although eq. (22) gives only the tree-level approximation to the actual
scattering amplitude, its behavior in the small pion momentum limit is correct and com-
pletely general. According to the Goldstone theorem, not only the Goldstone particles (such
as ‘pions’ in this linear sigma model) are exactly massless, but also any scattering amplitude
involving any Goldstone particle vanishes as O(py) when the Goldstone particle’s momentum

Dr goes to zero.

To complete this part of the problem, let us now assume that all four pion’s momenta
are small compared to the o-particle’s mass my = v/2pu. In this limit, all three denominators

in eq. (22) are dominated by the —2u% term, hence

1/ . . P
M = — (53k5€m(p1 +pa)? A+ G (py — p))? + 3T (py — ph)? + O (m—g)) .
(24)
For generic species of the four pions, this amplitude is of the order O(p?/v?), but there is a

cancellation when all for pions belong to the same species (this is unavoidable for N = 2).
Indeed,

(p1+p2)* + (p1 — P1)? + (p1 — Ph)* = 2(pip2) — 2(p1p}) — 2(p1ph)

/ / 2 (25)
=2p1(p2 —p1 —pPo=—p1) = =27 =0
and hence
1, 1 1, 1 1 p?



Finally, let us translate the amplitude (24) into the low-energy scattering cross sections:

do(n! + 72 — 71 +72) E?. o sint Bc.m.
= sin
dQc.m. 647‘(21)4 ’
E2
Orot(ml + 72 -l + 72 = 48(;:24 ,
do(ml + 7l — 72 + 72) B E? (27)
dQe.m.  G4m2ot
E2
Utot(ﬂ'l +at o2 7r2) = 32(;':;4 ,

E6
O’(7T1+7T1—>7T1+7T1) = O( C'm').

Textbook Problem 4.3(d):

The linear term Av = —a®

(N) in the classical potential for the N scalar fields explicitly

breaks the O(N) symmetry of the theory. Hence the potential
V(@) = JAN®H)? - 37 (@) — ad™) (28)

now has a non-degenerate minimum at

. ) 2\/X
®Iy = &N where v =~ \/E + il + O a ) 29
(@) TR e (29)

Shifting the fields according to eq. (11) for the new value of v now gives us

L = %(80)2 - %m?,a2 + %(85)2 - %m%f— o (o? +72) — i)\(02+[2)2 (30)
(plus an irrelevant constant) where

m2 = 2u® + 3m2 and  m2 = > 0. (31)

Thus, the pions are no longer exactly massless Goldstone bosons but rather pseudo—Goldstone

bosons with small but non-zero masses.

Comparing the Lagrangians (30) and (12) we immediately see identical interaction terms,

hence the Feynman vertices of the modified sigma model are exactly as in egs. (16), (17)



and (18), without any modification (except for the new value of v). On the other hand, the
Feynman propagators need adjustment to accommodate the new masses (31), thus

?

g g —_=

> —m2+i0’
. (32)
i % i6Ik
A —
g2 —m2 +i0

The tree-level m + m — 7w + 7 scattering amplitude is governed by the same four Feynman

diagrams as before, thus

) . 2 02
M (7 (p1) + 7¥(pa) — =t (p)) + 7™ () :—2A5J’“5‘m(1 )
(77 (p1) + 7% (p2) — 7' (ph) + 7" (p})) + (p1 + p2)% — m2
. 202
—9 3l skm 1
A0 ( N (pl—p’l)2—m§—) )
. 202
— 2\ (1 + ) :
(p1 — ph)? —m2

exactly as in eq. (20), except for the new v and new m2. The exact equation for the
minimum (29) is

Mo = = = m2 (34)
hence

22? — m2 = —m? (35)

and

(1+ Gremi=a) = rrmE 30

p1+p2)® —mg (p1 +p2)? —mg
and ditto for the other two terms in the amplitude (33). Therefore, instead of eq. (22) we

now have
M = —2)\<5f"364m X (p1+p2)® —m3 L gitshm (p1 — p})? —m2
(b1 +p2)* =3 pr=?=mt
+ 5jm5k€ < (pl —plg)2 - m%>
(p1 —ph)* —mz/’
which in the low-energy limit E., < m, simplifies to
2\ 1 . .
M= (2= ) (P97 (0 )+ #5 (r=3h)? = )
U (38)

+ TR (p1 — ph)? —m2) + O(ﬁ)).

2
mg

In particular, near the threshold (p; +p2)? = E2,, ~ 4m2 while (p} —p1)? = (ph—p1)? ~ 0



and hence
2 . . .
M~ Ty (35%5% _ gitgkm 5]’”5“). (39)

02
This threshold amplitude does not vanish. Instead,
m2 a
Problem 2:
In Pauli-Villars (PV) regularization the scalar propagators in the loop integral are UV-

softened as discussed in class. The product of the two propagators in the loop diagram

becomes

Lo Lo R SN SRRV
Gi+m? @ Am? G A G Emt g hm? G A g A g+ A

(41)

where go = k—q1. Applying Feynman’s parameter trick to each of these products, we obtain

1

1 1 1 1
dx — = — = + = 42
! <W+AP 2+ A+zA?2 [+ A+ (1—x)A?)? [f+A+MP)()
where ¢ = q1 — kx is the same in all four terms,
Alr) = m? + 2(1 —2)kE = m? — 2(1 — 2)kip (43)

is also the same in all the terms, and finally

is what makes the four terms different from each other.

Now we need to integrate the propagator product over the Euclidean momentum. As in
class, we integrate over the momentum before integrating over x in eq. (42), and this allows

us to shift the integration variable from ¢; (or ¢2) to ¢ and use spherical symmetry. Thus,

d4qE = 2n? q3 dg = 2 q2 dq2, (45)



and therefore
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Consequently, the whole diagram evaluates to

M

1

x(1 — z)A?

dx log

A=m? —a(l - )k

2—22 +0/1dx log z(1 — z) —0/10[:75 log (1 _ x(l_x):;)] (47)

I(kQ/m%} |
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q2+A+(1—I)]\2)

7?=0



Finally, let us compare our result (47) for the PV regulator with

A2 A? 5, 9

which one can similarly obtain a sharp (S) UV cutoff. Clearly the only difference between the
two formulee is the numerical constant inside the square brackets. Moreover, this difference

may be absorbed into a re-definition of the UV cutoff parameter: If we set

Aby = exp(l) x AZ, (49)
then
A%’V 2 2 A%v 2 2
o~ — 2 4+ I(k?/m?) = log 5 — 1 + I(k*/m?) (50)

and eqs. (47) and (48) are in perfect agreement.

Problem 3(a):
We begin with the muon decay amplitude

M~ — e ) = G—\/g [@(v,) (1 = ")y ()] x [a(e”)(1 = )av@e)],  (3)
Its complex conjugate can be written as
M = G_\/g 70+ ul)| x o)1+ Pu(e )] (51)

where (1 — %) factors become (1 + 7°) because 7° = 7°(7°)170 = —°. Consequently,

IMP = 16} [a(m) (1 =220 el )l )y (1 + 97 Ju(w) (52)
x [a(e™)(1 = 4°)7av(Ze)v(Ze)v3(1 + 7" )ule )]
and hence

FYIMP = 46h (1= 27000 + M)A 1+ )0 + )

spins (53)
x (1= 2"V allo = ma)ra(1 +7) e + me)).

Please note that here and henceforth the indices p, e v = v,,, and ¥ = ¥, denote the particles

to which respective momenta belong and have nothing to do with the Lorentz indices of

those momenta. For the Lorentz indices, I use here o, # and later also v, d, o and p. Thus,

Pua s the a’s component of the muon’s 4-momentum, etc., etc.

11



Having derived eq. (53), we now need to evaluate the traces. For the first trace, we

eliminate terms containing odd numbers of v” matrices and write
tr (1= 72170 + M) (1L + 7)o + 1)) =
= (1= (1)) + o (=22 M (1 +5)m,)
=t (1= B o1 =97) + My tr (1= 779297 (1+97))
= ((1 Y2 B’ ﬂy) + Myme tr ((1+v5)(1—v5)7"‘7ﬂ>
=26 (1= " ) + 0
= 2tr (7“ i’ m) — 2tr (757“ i’ ﬂy)
= 8 [pupf + oops — 9* (pu ;m)} + 8ie®Pp, s (54)
Similarly, the second trace evaluates to
tr (1= 9")va (e + me)yp(L+9°) s —mz) = (55)
= 8 [(peabpp + PepPra — Gap(Pe - Do) + Si€apsolop? -

It remains to substitute the trace formulee (54) and (55) back into eq. (53) and contract

the Lorentz indices. Thus,

Y IMPP = 16G% ([pfjpﬁ + phps — g’ (pu-py)} + ieo‘w‘spwpua)

all
spins

X ([peapﬁﬁ + PepPia — gaﬂ(pe 'pf/)} + iEapﬁaPéPZ)

{(using symmetry/antisymmetry of factors under a < [3))

= 16G% ([pfjpﬁ + ol — 9" (pu ;m)] X [peapﬂﬂ + PepPra — Jap(pe ~pp)]

1)
- GCWB PuyPrs X Eapﬁapﬁpg)

= 16G7 ([2(19# pe)(pv - po) + 2(pu - po)(pv - pe)
- 2(19# 'pl/>(pe -p;;) - 2(]9# 'pu)(pe 'pf/) + 4(}% 'pu)(pe 'pf/)

+ [2(29# -pﬂ)(Pu 'pe) - 2(pu -pe)(pu .plj)])

= 64G% (pu 'pﬂ)(pl/ : pe) .

12



Problem 3(b):
As explained in the Peskin & Schroeder textbook, the partial rate of a decay process (in the

rest frame of the initial particle) is given by

1 _
dl' = — x |[M|2 x dP 57

s < M (57)

where M is the decay’s amplitude, |M|? is |M|? averaged over the unknown initial spins
and summed over the unmeasured final spins, and dP is the infinitesimal phase space factor

for the final particles. For three final particles,

d*pq d>po dps
(27)3(2F1) (27)3(2E2) (2m)3(2E3)

x (27)%6®) (p1+pa+ps) x (27)3(E1+Ey+ B3 —Mp)

(58)
where the energy-momentum conservation law apply in the rest frame, thus p; + p2 + p3 =
Ptot = 0 and E1 + Eo + E3 = Eyo = M.

dP =

We start by using the momentum-conservation é—function to eliminate eliminate the ps

as independent variable, thus

d3p1 d®pe 6(E1 + By + E3 — Eio)

AP = (59)
2567 1By ks ps=—(p1+p2)
Next, we use spherical coordinates for the two remaining momenta,
d’p1 = pidpd*,  d’py = pidpad®Qs, (60)

and then replace the d?€y describing the direction of the second particle’s momentum relative

to the fixed external frame with
20 = dyy sin b1 dol
describing the same direction of po relative to the frame centered on the p;. Consequently,
20y %0y = 20, 20 = [d291 d¢§”} b1 sinbry = d3Q x d(cosbia)  (61)

and hence

A3 " p%p%
25675 E1E3Es

dP = dp1 dps d(COS 012) 5(E1 + Fo + F3 — Etot) . (62)

p3=—(pP1+p2)

13



Next, we use the cosine theorem

p% = (pl +p2)2 = P% + p% + 2p1p2 cos b2

which gives

d
d(cosbi2) = b3 b3
P1p2
(for fixed p1,p2) and therefore
d3Q
ap = s DAP2DS o 1 dpo dps X 8(Er + Es + B3 — Eret). (63)

2567 5 E1 E2 E3
Finally, we notice that for a relativistic particle of any mass pdp = EdFE, hence

d3Q
2567°

ap = x dE1 dEy dE3 6(E)y + By + F3 — BEioy), (64)

and therefore eq. (57) for the partial decay rate.
Problem 3(c):
It remains to determine the limits of kinematically allowed ways to distribute the net energy

FEiot = My of the process among the three final particles. Such limits follow from the triangle

inequalities for the three momenta,

p1 < p2 + p3, p2 < p1 + p3, p3 < p1 + pi1, (65)

which look simple but produce rather complicated inequalities for the energies Fy = 4/ p% + m% ,I

Ey =4/ p% + m%, and Fg = 4/ p% + m:{’. However, when all three final particles are massless,

the kinematic restrictions become simply
v <FEy + E5 = My — E; (66)
and ditto for the other two inequalities, or equivalently

0 < Ey, By E3 < My, while Ei + Ey +F3 = M. (5)

14



Problem 3(d):
In light of egs. (3) and (57), the partial decay rate of the muon at rest is given by

G2

dl—‘(ﬂ_ — e_l/ulje) = 87{575\14
1

(Pu-po)(pe-pv) X dE dE, dEy d*Q6(Ee+E, + Ey—M,,). (67)
Specializing to the muon’s frame, we have
(pp-po) = MyEy (68)

while

(Pe *pe) = EcE, — Depycosbey,

{(neglecting me, m,, my))
(69)

Hence,

G

dU'(p~ — e vule) = 65

M, E;(M,—2FE;)xdE, dE, dE; d*Q §(Ee+ E,+Ey—M,,). (70)

At this point we are ready to integrate over the final-state variables. In light of [ 30 =

872 and the kinematic limits (5), we immediately obtain

1M
GZM, [[]
D(p~ — e vuie) = %///dEedE,;dE,,Eg(MM—2Eg)5(Ee+Ey+E,;—MM)
2 3M, 3 My
= % / dE, / dEy Ex(M, — 2Ey)
0 M R
2 T e
1M
G%MM o 201 2
= 7t /dEeEe(gMu—gEe).
0

(71)

In other words, the partial muon decay rate with respect to the final electron’s energy is

15



given by
i _ GpMy
dE, 1273

x E2(3M,, — AE,) (72)

or rather

2
dT { Cr M, E2(3M, — 4E,) for E, < 1M, 73)

dE. | 0 for B, > LM,

It remains to calculate the total decay rate of the muon by integrating the partial rate

(73) over the electron’s energy. The result is

GEM;
19273

Ciot (10 — evv) = (74)
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