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In this document we discuss the computation of two-body matrix elements from the “V-18" interaction
published by Wiringal'). We first discuss the symmetries of matrix elements.

Two-body matrix elements can be specified in particle-particle coupling or in particle-hole coupling.
Both of the matrix elements completely specify the interaction, and either set can be calculated from the
other set. We first discuss the symmetries and the angular momentum couplings:

1. Symmetries of two-body matrix elements

Generally we use the definition: k£ = j+1/2 and j = /2] + 1. The matrix element in m-representation can
be written as

(ma mp V| me Mma) = Vinpmymema = <mam;1|V|mdmb_l> = (mgme|V]mgmy) 1.1
We use these notations interchangeably. The angular momentum coupled matrix element is constructed as

<(jajb)L |VL| (jcjd)L> = Z <jamajbmb‘LM><jcmcjdmd|LM><mamb‘v‘mcmd> 1.2

MaMpMeMg

which is independent of M. It has the symmetry:

((Gado)r IVH| Gega)r) = (=)FetRetbetbal(Gyja) L IVE| (jaje)r)

The inverse relation is

(mamy|Vimema) = (Gamadsme| LM) (jemejamal LMY((jajs) V" | (Geda) L) 1.3
LM

Instead of using this particle-particle(pp) coupling one can use particle-hole(ph) coupling to construct an-
gular momentum coupled matrix elements. The (ph)-coupled matrix element is defined as

(G VNGsgan) = Y (=)FrmetRamma iy jo — mo|As) (jamasia — mal ) (mamy ™ [V [mgmy )
m1m2Mms3mnag

14
These are again independent of . The matrix elements in pp-coupling are related to the matrix elements
in ph-coupling through!?

(iAIVAGada) = S ()L {1 2 PG VA Gada)e) 15
L

This is obtained via general recoupling, using:

Z<j1m1j2m2|LM><j3m3j4m4|LM> =

M
jo+m j4a+m j ' L . . . .
:(_)32+ 1+Jja+ms Z(2L + 1){§; :;421 \ }<]1m1j4 — m4|)\,u><33m332 — mg‘)\u>
A p
e AV o
=(=)f2mmamIammaml Z(QL + 1){;1 ji 2 }(]17”1]3 — ma| M) (jamaja — ma|Au)
Ap



The inverse relation for the matrix elements is

- )L haths JioJ2 A\, = A(i 3
(170 IVF|(Gada)r Z 2)\+1){33 i L}<(31J2),\|V |(F3ja)x) 1.6

Anti-symmetric matrix elements are formed in m-representation as
(mamp |V mema) = (mamp|VImema) — (mamp|VIimame) 1.7
In (pp) angular momentum coupling this becomes
(Gade) LIV (Geda) ) = (Gads) LIV Geda) ) + ()55 (o) £V | (Gage) ) L8
These anti-symmetric matrix elements have the symmetry

((Gadv) LIV Gega)r) = (=) (Gagn) LIV (Gade) ) = (=) ((Goga) LIV |(Geda)) 1.9

In (ph)-coupling the anti-symmetrization can be obtained by transforming the anti-symmetric matrix ele-
ments in (pp)-coupling using (1.5). Thus we obtain

(132D VM Gsda)a) = (Gr2)a VA (sda) )+

SO (x4 {2 A (VY [Gaa)v)

N Ja I3

1.10

The symmetry of the relations can be significantly improved by introducing the “Ring’-phase. For
(pp)-coupling the phase is

{(Gado) LlVEE|Gega) ) = (=) (Gago) LIV E (Geda) 1) L11
with this extra phase the matrix elements have the symmetry
(Gado) |V Geda)) = (=) Gado) LIV R (Gade) ) = (=) (Gbda) LIV EF (Geda) ) 1.12
and the anti-symmetric matrix elements can be calculated as
(Gage) LIV (Gega) 1) = {(Gage) LIV (Geda) 1) + (=) (ade) LIV | (Gaje) ) 113
For matrix elements in (ph)-coupling the “Ring”-phase isl?]
((132A VA (Gaga)a) = ()P ((172)A VA (Jja)a) 114

With this phase the anti-symmetric matrix elements have the symmetry

((G1d2)Al VA (sgia)a) = ((agn)alV AN (Jads)n)

_Z M () 4 1){?31 ?z /;/ }<(j133))\,|Va)\/R|(j254)/\/> 1.14
and anti-symmetric matrix elements can be constructed as
((G1d2)A VA (Gada)r) = ((Grd2) Al VA (sda)a) +
Sereen{y 25 e o
Also, the relation between (pp)-coupling and (ph)-coupling is simplified to
(GaaalVGaie) = (P e v 2 LRG0 s
or it’s reverse relation
((132)A V| (Jaja)a) = D (=) (2L + 1){ j; ﬁ 2}<(jlj4)L|VaLR|(j2j3)L> 1.17

L

In all the nuclear structure calculations we will use anti-symmetric matrix elements that include the “Ring”-
phase. For simplicity we will drop the superscripts aR throughout.



2. General considerations and relationships

We assume the interaction can be written as a scalar product of tensors of rank (k). Then the ph-ph
matrix element including the “Ring”-phase of (—)*1+%3) can be computed by using (Ed.7.1.6) as

< (1,2)5|VE|(3,4)5 >=(—)F1tks) < (1,2),|V][(3,4)) >=
=< (L2WK|[UR® (1) 0 VIR (2)]|(3,1)) >= 91

1 1
zék,x(*)’“i <1uVj2 > (*)k“i <4[vV3 >

Thus it is necessary to bring the various interactions into this form. Note: All reduced one-body matrix

elements should contain an additional factor of 4/ ﬁ. We have omitted this factor consistently and instead
applied it to the radial integrals.
We will use the Fourier transform to separate the variables r; and r5. For this the general relation can
be worked out :
2 - by 1
Vi(ri2)Ysm(f12 :f/quqVJ q — ——(£10£50|J0
(r12) Y0 (P12) =~ ()Z;&J\/E( |J0) -

) ) N7 . (LM
% ey (qr1) e (ar2) (D) 27D [V, () © Yo, (72)]
where the form factor of the interaction is
f/‘](q) = 47T/V(r)jJ(qr)r2dr 2.3
The operators are defined as
N 1, .
S = —(d1 4+ d9)
2
2 = T1 — T2 2.4
. 1 .
L=—-
(2i)r12 x (Vi —V3)
Using (Ed.5.1.4)
4
(F12)D) = /gy(l)(fu) 2.5
and (Ed.5.2.4)
a® @ p*) = (—)kfc[a(k) ® b(k)] © 2.6

Using (Ed.5.1.8) we write

-1
%le

[2m R - -
= —T12 ? [Y(l)(Tu) & (V1 - Vz)(l)] M

For terms containing L? we need to evaluate the commutator for the tensor components with V=Vi-V,
which takes the form

LM — [(F12) ) @ (Vy — 52)(1@(1)

2.7

[Fgl)a 6(7115)] = 265,1&

with this we obtain

. 1 1 1 )
v =1 (1)) > 5 L o)1)
[Fev]VeFev)®]" =3 3 M{ 1o 1}[[7?@7?}”") @ [¥ 09"
Ty o Jp g 2.8
ERYCE=0) RN T RS 1C)
+6() ] Fe V]
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Due to vanishing @ x @, each of j, J,., J, can take up only the values of 0,2. For this operator the following
relation is useful

4 4
[Fei = ”[Y“)( )@ YW (#)] ) =42 2J11 <1010]J0 > YD (7) 2.9

Thus we can write

1 1 1 .
[Fev]? e [FeV] ”} =3r> 3" J { 11 }<1 0 10, 0)Var[v O (7) & W@ﬁ](m](ﬂ)
Ty Jr Iy

ooy 1 W Eeme s

2.10

3. Central interaction

Matrix elements for the interaction term V¢(ri3). This term includes the Coulomb interaction. The
matrix element contributes only for natural parity matrix elements, i.e. A + 11 + I = even. Including the
“Ring”-phase of (—)*1**s we get

1

((12)A]V9|(34),) = Gyl

2
(k2 [ g pego) <<1||YA||2><4||YA||3>) 31
where the form factor for the central interaction is
F(q) = 4W/VC(T12) Jo(qriz) riadris 3.2

Thus for the evaluation of the matrix element we need the following reduced matrix elements in which we
include the radial matrix elements involving the Bessel functions: These also contain the “Ring”-phase.
They are evaluated for terms that do not contain ¢ using (Ed.7.1.7)

. , jujz (6l k
(—)k < (5181)31||G(k)||(€282)j2 >= (7)(€1+k1+k2+k)‘71%{]; j? 1/2} < fl||G(k)||€2 > 3.3

| =

We abbreviate this as
f(k,1,2) < 6]|GP||£y > 3.4

At this point we need the following reduced matrix elements:
< G|[YE)ly >= (=)*2l18y < £,0050]00 > (Ry(r)]sx(qr)| Ra(r)) 3.5

Ed.(5.4.5).We abbreviate this as
y(€, 1, 2)(Ra(r)]x(gr) | Ra(r)) 3.6

With these definitions we write the reduced matrix elements as

()" (LY A2) = FN1,2)y(\ 1, 2)(Ra ()] (ar) | Ra () 3.7

> =



4. Term (LL)

We write the interaction using eq.(0.8) with 7 = 0 as

V= VL2(T12) [L © L] = —\/§VL2(T12) [L(l) ® L(l)] ©)
V3

- - (0)
=- TVM(TU) [[7712 ® Via] ) [F12 ® V12| (1)}

\/3 2 L2 3 Lo (J- (1)1©
== V() Y (0101,0VAT 30, 111 [Y ) (f19) ® [Via ® Vo] }
ey Jy Jy 0

VIR {1 v ) [Y O ) © 1) ©

4.1

3 111 R - - ©)
== Vir T%QVLQ(T12)ZJ:<101O|J0>{1 . JHY“KHQ)@ [vu@vu](")}

— VAT 112V (r10) [Y(l)(fm) ® 612](0)

As the 9j-coefficient requires J,. = J, we have set J. = J, = J. J can assume the values of 0 or 2. We
employ the Fourier transform where we define the form factors of this interaction as

VEE (q) = 47r/rileLQ(Tu)jJ(quz)drlZ 42

and similarly

VLQ’l(q) = 47T'/T%QVLQ(Tlg)jl(q’f‘lg)d’l"lg 4.3

Then, using eq.(2.2) with eq.(4.1) we get

11 1 - 2 ~ . .
V= Z (1010].70) { X J} N7 () EHEtD2] ) < 0,0050]70 > ;/quqV”*’(q)le (qr1)je, (qr2)
ly,0o

- - (0)
% (_)éz [[Y(&)(,al) ® y(fz)(@)] (J) ® [Vu ® V12](J)}

00 2 _
+ ) () N2 < 0,06,0010 > = /q2quL2(Q)j£1 (qr1)Je (qr2)
ly,l2 \/?; T
¢ (6) (£2) e 19
x (=) [V () & Y ) (72)] @ Vi

= . . 4.4
Substituting Vi = V1 — Vs results in five terms which need to be recoupled in order to be of the form
F®) (1) © G®¥)(2). These are



75 :(_)22 [[Y(&)(l) ® Y(b)(Q)} (J) [V V ](J)}

[ . - 4
A)MWDQP%WNﬂ%®VJﬂ“1

Zy

1

_61 -

For the evaluation of this matrix element we need the additional reduced matrix elements:

element involving the operator V is

Ly )y e,

:(_)42 [[Y(él)(l) ® Y(Zz)(Qﬂ 1) ® ¥,

() “y(t’l)(l) ® y(ez)(Q)] D e 62}

- }(0)

oY ®)(2)]

(0)

S _y(fl)(l) ® [y(fz)( ) ® V. ](51)}

(0)

4.5

The matrix

< O||(YIV) P by >=(=)2" 0 0k
/1 K b £ l+1 . d Ay
{Vmﬂ%Wwﬂﬂggl@+J(oo o B — ) Ra(r) p
an e, L S ) e (- B )
2 Wby £y 6—1J\0 0 0 ! dr
which we abbreviate as
Z del(i,é,ﬁ,l,2)<R1( )‘j[(qT) Op( )|R2( )> 4.7
i=1,2
where op(1) = 7 and op(2) = =. And
- o (N PP
| {[y(e) ® [V@V}(J)] 163) = (=) =D R i, i
[{é J A }{1 1 J }(61 l £2+2)
by b1 fly+2 by lo+2 fly+1 0 0 0
d bo+1,,d /¢
X (0s + 2)V/ls + 13/ls + 2 < Ry (r)je qr)(%— 2r )(£—$)|R2(r)>
e J A 1 1 J b 0 Ay
{62 0y 52}{52 lo ﬁg—&-l}(() 0 0)
d Z +2,,d [/
x ba(ty +1) < Ra(r)ljelar) (5 + =) (5 = 27) [Ra(r) > 4.8
NP AP 0t e
{52 12 52}{62 Ly 2—1}(0 0 0)
A . d by —1,,d by +1
X€2£2<R1(T)|jg(q7‘)(%— . )(%—i— " )|R2(r)>
£ J A 1 1 J by 0 ly—2
+{£2 0 52—2}{62 ly—2 52—1}(0 0 o)
d / d fly+1
><(€2—2 IWlz — 130y < Ry(r) |qur)(dr+72)($+ 2r )| Ra(r) >

Here we give the reduced matrix elements separately for J = 0 and for J = 2 since they combine with
different form factors. For J = 0 the selection rules require £ = A. Thus for J = 0 we can abbreviate (4.8)

as

> ddelo(i, A, 1,2) < Ry (r)|je(qr)op’ (i)| Ra(r) >

i=1,3

4.9



whereas for J = 2 we abbreviate this as

Z ddels (i, 6,1, 1,2) < Ry(r)|je(qr)op’ (i)|Ra(r) > 4.10
i=1,3

with op/(1) = L5 op/(2) = 1L, and op/(3) = 4.
Furthermore, we note that

3 111 1
5<1010|00>{1 X 0}_\/? 411
and
3 11 171 1
21101002 { }—:,/— 412
R O10200 ) 1 9175 =V 120

so that the matrix element can be written as

Tl

5 . 1 2 )
< (12)A|VR’:L2 [(34)) > (—)Ftka 2 [ 2qq 7520 (g)
(J=0) .
1
<1|(* @ [Ve V] )Yz >< 4y 3 > 413

|

+ <1V M2 >< 4|V @ [Ve v] ) V)s >)

This matrix element contributes only in natural parity cases.

1 k1+ka 2 / 2 7 Y7L20
_\k1 = daV

1
> (L <AV 2 >< 4|(YIV)Y3 >)
0=XA—1,. A+1

< (1?)A\VZR:’§)2(J:0)|(3ZL)A >=

4.14

For the term with J = 1, linear in r, the contributions are from Z, and Zs:
5 R,L2 (/07
< (12)>\|V(J:1)|(34)>\ >=

! ! 5 2 _
ﬁQ}\ 1 (—)(k1+k4) Z (_)(@-&-)\-&-1)/2[ < EO)\OHO > - /ququgl(q)
N 4.15

(< )V 2 >< 433 >

+ < 1YY2 >< 4| (r' V)3 >)

This term contributes only in natural parity cases. We have to consider £ = A — 1 and £ = A 4+ 1. Finally,
the contributions from J = 2 can be written

_ _ 1 1 2 ~
15 R,L2 1 _ _ (k1+k4)7/ 2gq77L2.2
(—)EN/2) < 10)0]20 > ( <1V Ve v)@]V|2 >< 4y )3 > 416

=A—2 2\ +2

+ <2 >< 4 YV e V)@Y 3 )

Again, this term contributes only in natural parity cases with £ =\ —2, £ = A, and £ = A + 2. with

1 P 1 1 2
2 \(Latey)/2
dlsq(ﬁa,éb,)\) = \/;( ) L by < éaO€b0|20 > {Ka 0, )\} 4.17

7



the remaining contribution is

< (1?)>\|V(§522)Z:2|(34)>\ >=

1 2 i
_ _\(k1+kq) 2 2 L2,2
il 47r/qdqv (9) 418

S duagllar o, ) < V)2 < 4 (YET)V3 )
Lo=2+16,=A+1

This term contributes in both, natural and unnatural parity cases. We have to consider the three cases with
by =40y =X—1, A\, and A+ 1 as well as the two cases: ¢, = A — 1,0, =A+1land {, = A+ 1,0, = \— 1.
With our abbreviations the reduced matrix elements can be written as

(P =UYM2) = D F 1,2)del(i, £, 0,1, 2)(Ry (1) |je(qr) op(i)| Ra(r)) 4.19

i=1,2

S|

%(—)’“ <Y (Ve V) V)2 5= 37 £(A 1,2)ddelo(i, A, 1,2) (Ri(r)|je(gr) op' ()| Ra(r))  4.20
i=1,3

and

%(—)’ﬁ <1V (Ve v)@]V2>= 3 f(\1,2)ddela(i, £, X, 1,2)(Ri(r)|je(ar) op (i) Ra(r)) 4.2
i=1,3

5. Terms oo and (LL)oo

Such terms can be obtained from the previous terms such as the central interaction or the L2-interaction
by adding the o105 term. This results in

V= VLQJ(’I“lg) [L ® L] [51 O) 52] 5.1

We can obtain the separated interaction immediately from the separated form for the L? term via

[F(J)(l) 5 G('])(2)} [51 - 52} _ Z(_)(k+J+1) “F(J)(l) ® &1] (k) ® [G(J)(Q) ® 52](’@} 5.2
k

Thus, we can immediately take the results of the previous sections and write the matrix element for the
o-interaction as

< (12)AV%)|(33)x >=

2 ~
_\k1+ks 2 2 o
2)\+1( ) 7T/qqu (q)

T (O 2 > < (V)3 > ”
£=A—1, A+1
Similarly we write the contributions to the matrix elements of the L?0 interaction as
<OV 60 >= T s (P2 [ a3 ()
0=X—1, \+1
( <1 [(Yf ® [VaV] (0))“)ar||2 S< 4l|(Yio) |3 > 5.4

™
< 1(Yio) |2 >< 4| [(Yf ® [V® V] (0))%—} I3 >)

8



We include three cases: £=A—1,f= X, and £ — A+ 1.
< (V50 | 30)n >=

1 1 k1+ky 2 / 2  ~L20
- - 2 Pdgvt2oe
3o 1) iy (9) 5.5

> Y <af|rtvy] e s<a (v'9)~o] “la >}
Kk f=r—1,k+1

In this term ¢ can take the values of A —2, A — 1, A, A+ 1, and A + 2. For the term with J = 1, linear in r
the contributions are from Z, and Zs:

< (1§)/\|‘/(1;,:le)0‘(3;1))\ S— Z Z (_)(Z+n+1)/2(_)(n+>\+l)
Kk l=rk—1,k+1

1 1
V322 +1
(< U[r*¥) @] V2 >< 4)(vo) V)3 >

. - 2 _
(—)Frtka) < 00K0]10 > = /quqVL%’l(q) 56

K K A
+ <1 () V|2 >< 4 [(¥*¥) o] V)13 >)

Here k can be A\ — 1, A\, and A + 1. For each case ¢ can be k + 1 and k — 1. Finally, the contributions from
J = 2 can be written

_ o — K 1 1 2 (7 o
< QA 131 >= Y () ot () 2 [ pagiiea(g)

~ V1202A +1
. 0 10
> (@< por020 > (< 1[IV e V)] Vo T2 >< 4 ()3 > 57
l=k—2,k,k+2

9 1
+ <1 (V|2 >< 4] |[Y(v & V)@]Ve] T3 >)

Again, x can take the values A — 1, A, and A + 1. For each case ¢ can be x, k — 2, and k + 2.

= R,L20 . o 1 1 2 ~ 19
< (VG230 >= > (=) H)ﬁ?)\%— 1(—)(k1+k4); ¢*dgV"*7%(q)

" 5.8
+ 3 Y dite, by ) < 1[(VV) W]V 2 > < 4| [(YEV)Wa] V)3 >)
Lo=Kk*1 lp=Kr=E1
For the reduced one-body matrix elements containing o we use (Ed.7.1.5)
1 o b by 4
(M < (sl (GO0) V|| (L282) 2 >= (_)k1j1j2\/6{ 12 12 1 } <G|tz > 5.9
A gz A
we abbreviate this as
> gl k,1,2) < 4]|GY ey > 5.10
¢
With our abbreviations the reduced matrix elements can be written as
1 5 .
(—)“X(lll(YéU)AH?) =962 1,2)y(¢,1,2) (Ra(r)]je(gr) | Ra(r)) 511
1 k1 0 =2 1A . . .
57l (Y@ V] @a] 2) = ) (kA 1,2)del(i, £, 5,1, 2)(Ra(r)|je(ar) op(i)|Ra(r)) 512
i=1,2
1 k) 1N . . ,
S < =@ e T2 5= 37 glx,A,1,2)ddelo (i, 1,1, 2) (B (1) e(ar) o (D] Ra(r) 513
i=1,3

and

(=) <1 |[Y/(Vev)@] | P2 >= 3 gl A 1,2ddels i, £, 5, 1,2) (Ry (9 e(ar) op' ()| Rar)
i=1,3

> =

5.14



6. Spin-orbit (LS)
Vv :VLS(TH) [L(l) o 5(1)] _ 7\/§VLS(T12) [L(l) ® 5(1)](0)

- - (0) 6.1
=+ 7“12VLS(7“12)\/§“Y(1)(7%2) ® (Vi — V)] D S(l)}

We introduce the form-factor of the LS interaction:
VES(g) = 47T/T:l))QVLS(rlZ)jl(qu?)dTlQ 6.2

and write using eq.(2.2) with J =1

VvErs 3 [ ddat @ ari)ieara)

£1,62
| , ,
X M?ﬁ < £,0050[10 > (3) (—i)*2H! 6.3
I OINCILR (O)
~ [[[y(&)(fl) ® Y(fz)(f )] ®(V VQ)(I)} 5(1)}
Or, combining factors
_ (—ta-vy2 [ L2 [ o0 =ps, . ,
V=>(-) i | ©daVE (@) (ari)ie (ar2)
£1,02
X élég < 610620‘10 > 6.4

’ ) (1) = NI 1 ©
" H[w V(i) 0 Y )]V @ (%1 - 9] " & (01 + 09

Inserting S from above, results in four terms as represented in the last line of the previous equation. They
must be recoupled and brought into the form F*)(1) ® G*)(2). These terms are:

BUNSTC)) ©
a1 H[Y“ Wer2@])Ye V] e aﬁ”}

(0)

= — Ek: \/gif{ 512 611 ]1} [Yez (2)® [[Yfl 1)@ 61] (k) ® 01} (62)]

= ()" Z\@i{ E {Y“(Z) o[yrme v en] “2)}
k

Zy =(-) H[Yfl W ev=@)]" e v Y a§1)] v

=Y T e men] e e e v Y] 6.5
k

Z3 = H[Y“(l) 2v22)]" o V] Y e agv} o
= ()3 g{ L e e o yrme v
zi =) [ o vee) P e 9] e of?) Y
=y e G rme et en) ]

10



by introducing

1 ~ -
B <00, 0010 (—)“1”2“)/2{ L } 6.6

dso(€1a£2a)‘) = ﬁ el 62 A

we write the matrix element as

1
< (1,2)x |VR LS|(3 4)x >_2/\7—|-1( )(k1+’€4) Z / ¢*dg VLS( )
f=A+1

\)
<Z doo(L, N k) < 1\|[ Y'ov]" e } 12 >< 4|3 >
’ (k) ») A
+Zdw£/\k <4\|[Y ® V] } 13 >< 1Y )2 >
6.7
—dso (6, M) < 1[(Yio) V|2 >< 4| (YAV)V[3 >
—dso (6, M) < 4| (Y o) V|3 >< 1 (Y*V) V|2 >
—dso (6, M) < 1[[(Yr o) V)2 >< 4] (YIV)V|[3 >
—dso (6, N N) < 4| (Yro) V|3 >< 1)(YIV) V|2 >)
All the reduced one body matrix elements have been defined before.
7. Tensor interaction:
We write the tensor operator Sis as
512 = 3(51?12)(52?12) —5152 7.1
Recoupling this can be written as coupled tensor operators
. (0)
512 :3ZJ[[01 ®0’2](J) ® [7A’12®f12](J)i| +\/§[0’1®02](0) 72

J

with only J = 0 and J = 2 contributing. In this, the last term is cancelled against the J = 0 term in the
sum. The remaining term is

©
Sz = VArV/5 < 101020 > [YQ(flz) ® [o1®0y] (2)] "

Separating 712 and evaluating the Clebsh-Gordon coefficient finally gives

_ _ 1 2 B
LOWIVET|(3.3)y >=—— (_)(k1itka) 7/ 2 T
< (1,2)x] |3, Dx >=53-7() Eg EZ — | @da V' (q) y
a b

1 <o)V 2 >< (o) V)3 >

V6l 0y < £,00,0]20 > (—)“a“w/?{ff 51” \

where the form factor is

VT(g) = 47T/VT(T12j2(qT12)ngdT12 7.5

11



8. Term (LS)?

This term can be brought into a similar form as the previous two. We write
- o . . 1 (0)
V= VLSQ(le) [L ® 5«‘] [L o g} _ VLSQ(TH) Zj “L(l) ® L(l)](J) ® [S(l) ® S(l)] (J):| 8.1
J

Here j can assume the values 0, 1 and 2. While the terms with j = 0 can immediately be deduced from the
previous two, the term with j = 2 needs to be evaluated new. For j = 0 we write

Lol e [Se s L@L S@ﬂ—— [LoL)(3+ 6 - d2) 8.2

Thus this part can be added immediately to the previously evaluated interactions by using VE%eff =
vz 4 %VLSQ and VI2oeff =yl 4 %VLSQ. For j =1 we write

(0) 1,
V3[[LW e LWV g [sW & sV V] = —~[Lo ] 8.3
This contribution is incorporated by substituting VE%eff = /L5 %VLSQ.
Here it remains to evaluate only the matrix elements of
LS2 1) o 7(1)72 1) o o171
V = VES2(ri3) V5[ (L0 & L] @ [s0) @ 5] ] 8.4

Using eq.(2.4) we write
1
[S(l) ® S(l)]@) =1 ([&’1 ®0 ](2) + 2[ ® &'2](2) + [6’2 & &'2](2)>

Noting that one-body matrix elements vanish for the operator [01 ® 01] ) we write the remaining terms as

(2)

We assume that similar to 4.4 the operator [L ® L] can be written as a tensor product of variables 7

and 7 as [U*) (1) @ W(k2)(2)] ®) Thus we can write

L (0) (0)
[E2L]P e [7r0)?] = [T 1) e W (@)] @[5 7))

— \/EZ(_>(kz+1){ 1 1 z } “U(m)(l) ® &.1] (k) ® [W(Rz)m) ® 52} (k)} (0)

K K
& 1 2

8.6

We now have to factorize the operator [L ® L} @ using eq.(1.10) with j = 2. Again, as they combine with
different form factors, we list the three cases separately namely: (a) J, =0,J, =2, (b) J, =2,J, =0, and
(¢) Jr =2, jp = 2. Numerically evaluating the 9j-symbol and CG-coefficient we find

Blion® - vir (L

L @@
: YO i) @ [Vev]?]

(2

5.7

[
——TP®W®W®ﬁ@}

P@m®ﬁ®ﬂ@f)

[



In the following we list all the eleven terms that contribute to [L ® L] @)

(2

in their recoupled forms:
Z =y ) eve@)]? e [vievi]"]
(2

- o miew @ s rec)

Z=—2[y e v @) o [vie vy )"
2

7oz (2)
=5 D O Lk 2 e ow] e reev ]

k (k) (2)
N L 0 Y% (2
zk: I e ()]

Fewe viev]?]

Z=—2|[V" (1) ev22)]" e [vi 8 vl ®

enlilap 112 ) (L1) , (L2)] @
:2541’42LZL ()" H)T{Lz Lo v e (Y@ vy "]

% = 2O e v e Voo v, ?) (k)} N 8.8

k o 2A1f

Zr = [[Yfl 1) ev22)]? e[V e V] (2)}

=R o [ we miew]®)Y e yea)”

(2)

Ze = — 2|:[YZ1(1) ® yt2 (2)]( ) ® [vl ® Vg] (2):| (2)

b Uy 2 ,
=-10 3, Mz{ Lo 2}[[Y“(1>v1]“”® 2w, )]

Ly,L> Ly Ly 2
2= i i rews s mee v )]
k

Zio = | @ vV 0 v ®

=S g me) Y eree]”
k

_ ~(1 2 1 0 25 (k):| (2)
Zny = ;\/?:k{ 0wV YRV
Combining this with with eq.(8.7), we can write the matrix element contributions for the various form
factors (J =0, J =1, and J = 2) as
1

5\ 11, R.LS2 __ﬁ Ntk 2 [ 25 Ls20 112
<OV >= — g QO T [ a2 35y ]

(<[ 2 [Vev]®)W5) V|2 >< 4)(v5) V)3 >

8.9
+ <1V HV2 >< 4l [ © [V o V] )W V)3 >)
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5 R,LS2 5 (k1+k4) 4 10); 5 1 1 2 1 1 2
<(12)>\|‘/(J OZ 2|( ) - 122>\+1 Z éaéb{éa éb é}{ga gb )\}
barty 8.10
2 - - -
= / gV (g)x < 1[(V9) 5]V 2 > < 4l [(v'9) 5] V)13 >)

The contributions from terms Zyg, and Zy1, the J = 1 terms are

1(_)(k1+k4)[z€: (—)"& < £,0£6,0[10 > {glb i- £2a }{flb fli /2\}
Ca b,k

1
(12)A|VR L52|(34)A >=

e
[N}
[\)
>

2 — P o =\ (1) =1 (A o
2 [ a2 @i ()2 (< 1 [ 9y V2 < ) () Vs >

r) =21 (N)
+ <1V eF) V2 >< 4 [V ¥) 5] V)3 >)

8.11
Finally, the J = 2 terms are from 71, Zs, Z3, Z7, Zs, and Zy.
5 R,LS2| (97 _ 1 (ky+ka) 2 2 7 ¥rL52,2 ) (61+62)/2
< VG 138 >= 5 ()= [ g*dgV (q)?gj% < 4,0£50[20 > (—)" 7+
1,£2
V0 (1 1 2y(2 2 2 .
(SI0L 0 D 2 e
- 1 1 2 K
= =2
(<ufree Vo™ } 12 >< 4(Y55 )<*>||3 >
+ <117V 2 >< 4| [y @ [V o 9] } 3>)
V2(1 1 2 by o 1S o 31 (0) 2] 0
V2 . 2
24{51 . A}(<1||[[Y ® [VeV] a} 12 >< 4)(Y25) V|3 >
S o \)
F<1(YEF) V|2 >< 4| [[Y@ ®[VaV] “”5] I3 >)}
5 R,LS2| /07 N 1 (k1+k )2 2 7 YrLS2,2 )5 (L1+£2)/2
< (V2o 1B4)x >= - T 1(—) - [ adgV (Q)[Z[; lily < £,0£50[20 > (=) 75
C1,£2
0ol 2
so1 12 2106, 4 2 5 \(t)
> bb{,, )\}<\/;6{€a o TV P2
La Ly bo Oy 2
<[V EF) V|2 >< 4| [(v V) @5 V3 >
8.13
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9. The iso-spin component

The iso-spin dependence of the matrix elements is best worked out using the (pp) coupled matrix elements.
In that case all we have to do is to work out the expectation value of the iso-spin operator. We do this here
for the four iso-spin operators that appear in the V-18 potential of Wiringa et al. and the four possible
matrix elements (1, 7172, T12 = 37,1722 — T1T2, and 7.1 + Tx2):

< (pp)|11|(pp) >= , < (pp)|Ta1 + Taal(pp) >= +2
< (pn)|1|(pn) >= ; < (pn)|721 + T22|(pn) >=0
< (pn)|1[(np) >=0 < (pn)|721 + T22|(np) >=0
< (nn)|1](nn) >=1 , < (nn)|7T1 + Te2l(nn) >= -2
< (pp)|7172|(pp) >=1 ; < (pp)|T12|(pp) >=2
< (pn)|"7el(pn) >= -1, < (pn)|Ti2l(pn) >= -2
< (pn)|Ti7e|(np) >=2 < (pn)|Ti2|(np) >= —2
< (nn)|772|(nn) >=1 , < (nn)|T12|(nn) >= 2

Thus we calculate the matrix elements
for < (pp)|V|(pp) >

< (12)|V](34) >=< (12)|V + V" 4 2VT 4 2V 7= 1 yCoul|(34) >

for < (pn)|V|(pn) >
< (12)|V[(34) >=< (12)|V = VT — 2V'7T|(34) >

for < (pn)|V|(np) >
< (12)|V](34) >=< (12)|]2V"" — 2V*T|(34) >

and for < (nn)|V|(nn) >

< (12)|V|(34) >=< (12)|V + V™7 +2V'T — 2V 7%|(34) >

10.CM-correction terms

From the center of mass corrections we have two additional terms that must be included in the two-body
matrix elements of the interaction. These are:

_Di-P2 +hV1 Vo
mA mA

and oL
T -T2
mA
These can be computed using (2.1). These matrix elements contribute only for A = 1 and can be computed
with eqn (3.3) resulting in

1|3 > 23;()’01\}?: <1|v|2 > (f)’“% < 4|V|3 >
with
(—)’“i <1V|2 >= 1)z < jlljgj\lo >< Rl(r)\i + 1(42 —01)(30y — €1 + 1)1|R2(r) >
V3 277 2 dr 2 r
and

1 . —14 4 R
(=) —= <12 >= 5=51je < j15i2— [10 >< Ra (7)[r[ Ra(r) >

3 3 2
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11. The radial integrals

We assume that each wave function is expanded in harmonic oscillator functions corresponding to the
oscillator length parameter ok.

r) = ALH,(r) 10.1

As such each of the radial wave functions can be written as a polynomial multiplied by a gaussian of
argument —(r/ok+/2)2. We now introduce the variable = = v/2r/ok. With this, each Radial wave function
can be written in terms of x as

Riy(x) = Piy(x)e " /! 10.2
where P;; is a ploynomial in x. In terms of = the wave functions are normalized such that

/Ril(m)xzdaz = (§)3 10.3

In order to carry out the Fourier transform we use the fact that the Fourier transforms of the harmonic
oscillator functions are again harmonic oscillator functions in k-space. Thus we expand the product of two
radial functions as

Riy, Z B H, 1 ( 10.4

Using Gaussian integration, the expansion coefficients can be written as

B:‘l’j = Z Ln’L(mk)R,li (:Uk)]:’jylj (mk)xiwk 105
k
with this we write the integral
/ Rut, (m)jn(gr) Ry, (r)r2dr = S Bi H, 1(q) 10.6

where § = v/20k ¢q. The radial integrals can now be computed according to
%/Qqu V(@) (Ri i, L (qr)| Ry, ) (Re 1, ik (qr)[ Rea,) =
=SS BB [ V@ @k @) 10.7
_ z z B ByILS

Inserting the expression for the expansion coefficients B we find
2 , )
2 [ da V@) Bi i ar) s, (R Vi (ar) ) =

= *ZZPM k) Jl xk)kakpsl (2q) Pri, (24)x qu nm Hy, 1 (we) Him k (2q) 10.8

: ZZPZ’Z’ Tk Pij xk)Ps,ls(mq)Pt,lt(xq) Sli’qK
kg

With this notation all terms can be computed as

< (VI3 D)r >= D Pi(wi) Po(wi) S} Pa(ay) Pay)

+Py (i) Py ()5 P3( ) Pa(x;)
+Py(w:) Py(2:) S} Py(w5) Py () 10.9
+P () é’(fvz)S Ps(fcj)ﬂ(xj)
+Py(2:) Py(2:) 87 Py () Pa(;)
+Py(w:) Py (2:) S7; Py(w) Py ()
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correspondingly, the exchange contribution can be written as

< (12)A|V°!|(34) Za ;) Ps(2;)E} Py (x5) Py(x;)
+_1(w‘z) _é(a?z)EQ Py () Py(z;)
+Py () Py(3) B} Py () Pa(5) 10.10
+P1 () _él(%)E iPa(j) Py(x5)
+Py () Ps(2:) ) Py () Pa(;)
+P1 (i) 7é(wz)E6 Py(7) Py(z;)

As the marices S, and E only depend on the angular momenta involved but not on the quantum numbers
ni,N2,n3, and ng, the strategy is to compute the matrices first and then compute all the matrix elements
with the same angular momentum combinations. This way a large number of matrix elements can be
computed in which orbits differ only by the quantum number n.

This strategy is essential in computing the G-matrix interaction in calculating the term:

Z Z papashiha < (P3p4)K|V|(P1P2)K >

K p3,pa
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