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This is the working paper to derive matrix elements for the new three-nucleon interaction proposed by Pieper,
Pandharipande, Wiringa, and Carlson. All the matrix elements contain the ”Ring”-phase which is explicitly included
by using the type (a) and type (b) matrix elements as specified below.

First we note that the two terms of the Urbana IX potential are the same, except for modifies coefficients which
are the Fujita - Miyasawa term and the short range repulsion. There are two new terms, the two-pion S-wave term
and the three-pion A term. We devote section 1 for the S-wave term and section 2 for the latter.

Similar to our derivation of the Urbana IX matrix elements we focus on two type of matrix elements given in (3.2)
of that report:
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With a tensor operator coupled in the form:
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The type (a) matrix element requires that Tlo‘l) =Y () as only this gives a non-vanishing contribution. This allows
the interaction being brought into the form
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Then, using (2.1) from the V-18 write-up, the matrix element including the ”Ring”-phase is given as
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Those terms that depend on all three ¢’s do not contribute here. The terms that depend on two ¢’s need to be split
into the three types:
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With a tensor operator coupled in the form:
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we calculate the type (b) matrix element using (4.4) of the vtni paper
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In addition to these two, we need the (pp)-coupled matrix elements formed from these two types:
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Before we go into the details we work out some operator identities:
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Scalar or vector products are converted as
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Spherical harmonics are combined as
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We use the basic equation (2.2) from V-18 write-up:
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The integration over ¢ can now be expressed as the kernel
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I. P-WAVE TWO-PION-EXCHANGE

We take the two-pion exchange interaction from our paper on V-tni (eqn.2.29) as:

VEmPC (7 7)) = 9(Var)® > (1010]K50) (1010[K50) K 3oV (g, 1) K3 (rg, 1) (€10£50] LO)

KQ,K3
gl 1 )\2
T R YU I I b by K by €3 K
><(—)(€2+)‘2+€3+)‘3)K2K3)\2)\3£1€4)\15{54 1 )\3}{11 12 )\22}{14 13 )\j}
L S X\

A1 )7 (0)
XHY(L)(&)(E@ [0V ®0§1)]<S)}( ' o [[y<e2>(,@j)®o§1>}(&> ® [yuS)(fk)@Ul(:)](As)]( 1)} (1.1)

In segment C we deal with the Commutator-term with a strength of As;/4. In segment A and B we deal with the

anti-commutator term which requires S = 0. Here we use that [0 ® 0](®) = —\/3. After evaluating the 9-j-symbol and
using a factor 2 from the anti-commutator and a factor 2 from the 7-anti-commutator we find the interaction as:
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A) P-WAVE ANTI-COMMUTATOR TERM

The type (a) matrix element is derived from the above interaction setting L = 0. From that it follows that Ay =0
and /1 = /4 as well as A3 = Ay =: \. We also convert the K’s into F’s and find
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or
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We treat the four resulting cases separately starting with
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This term is added to the ogo-interaction.
cases Ky=0,K3=2, and Ky=2,K35=0
Both those cases add to the tensor interaction.
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Here k is limited to the values k=0, 1, 2 due to selection rules in the first 6j-symbol. Here again, the kK = 0 term
contributes to the oo interaction, and the k = 2 term contributes to the tensor interaction.
case k=0

V2 Pc(n,rj,rk) Ao ¥ F2 b1:lz (rz,rj)F;fz’él (riyr) (200 +1)

x (P (VAT @o,] Y o [Viry @e) V] (77) (L.11)



case k=2
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For the k = 1 term the first 6j-symbol requires that |¢2 — ¢3] < 1 which together with ¢5 + ¢3=even requires ¢o = (3.
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MORE ANTI-COMMUTATOR TERMS

The type b matrix elements no longer have the restriction of L = 0.

(1.13)

VEmPO (7 7 7)) = 36 Age (VAT > (1010[K50)(1010| K50) K o2 (i, 7 ) K3y (5, 71, ) (10640 LO)

K2,K3

Nt dot b x4t B 5 5 5.5 S A2 41 £y by Ko\ fls {3
(e R An {2 0 HT T N T

) (7
« |:Y(>\1)(721> ® |:[Y(€2)<,,gj) ® U§1)](>\ ) Q [Y(é‘s)(’ﬁk) ® U](gl)](/\d)} 1 :l <7__’]7_:k>

Similar to (3.12) we define a kernel

by k

;e

M0 (g, ) = 37 kA(1010]k0) {61
k

We leave out the integration part and put it into the wave function by making the replacement:
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We now write the interaction as
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Now we need to use (0.10) to evaluate the matrix elements.

P-WAVE COMMUTATOR TERM

From our paper on vtni (2.29) with J = A; and S = 1 we take it as
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Exchanging 7; and 7 leads to a phase of (—)®. Thus, for the commutator term we have S = 1 while for the anti-
commutator we have S = 0. Both of those obtain a factor 2 because of the commutator, however, the factor i in the
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Finally Using this we obtain a sum of three terms
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S-WAVE TERM

From Pieper et al. we take it as
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with Z composed from the Y and T from the P-wave term as
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We now put the various parts together and recouple
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The type (a) matrix element requires k = 0 and thus ¢y = ¢4.
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We write this in terms of the G’s, and use
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The iso-spin dependence is identical to that of the anti-commutator term in the A?™F. Thus with k£ = 0 this adds to
the oo interaction, and with k£ = 2 this adds to the tensor interaction.
The type (b) matrix element is obtained as
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THREE-PI-DELTA TERM
For this term we take the approximate form given in (3.31) as
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From the appendix we take this (without the isospin part) as
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where @ = Fij X ij = 7_'3;@ X sz = 77;“ X Fij and Cz = 7;;]7774]6
For this section only three form factors are needed.
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then we can write the separated form of this as
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Here we assume that the Kernel K;(ri7 r;) is given on a grid of gauss-points.

We also need the k = 0,2 form factors for rigjt and we write:
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For the type (a) matrix elements we have for spectator protons the remaining matrix elements:
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We now work on each of the 23 terms separately. We first only list the type (a) matrix elements for all 23 terms,
then we list the type (b) matrix elements for all terms.
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We break this term into the £k = 0 and the £ = 2 contribution. The k& = 0 contribution can be derived immediately

from the previous as:
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The k = 2 contribution is given by
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1,R2,R3

K30 (rgyre) K15 (rayry) K35 ()

X

X

(0)
l:[Y(Zl)(TAj) oy Y(Z2)(72k)] (he) & [[Y(fs)(’f'i) & Y(fzx)(f-j)] (k1) ® [ y (s )(,,ﬁ ) ® Y(fe)( )] (kz)} (kS):| 0

:(\/E)3 3 {kll kf k?’}(1010|k30><1010|k10><1010\k20>

k1,k2,k3

x KRR (g ) K () KR ()

Jor ko lesfegkos 010205040506 (£,00,0|k60) (€50£60|k40) (£50£50|k70)

fg 64 k?l 64 £5 k'5 (k4) (0)
X {lg U5 ko pd by Ly ks [ywm ® [Y*e) (7)) @ Y7 (7] } (1.54)
ka ks ks ke k7 ky

11



As this term is already symmetric under cyclic permutations we have only one term for type (a). This requires
k4:0andk‘6:k7:)\.

p2) = <_§\)A /T?driRh(Ti)Rp(ri)Rpl(rj)Rhl(Tj)Rm(rk)ha(Tk)

> (=) TETA(1010[k30) (10101 0) (1010[k20) (€10€40] A0) (£50£50( AO)
k1,k2,ks

k3,01, k1,03,0 ka,l5,0
X Kr;t b 2(7"j,7’k) Kr’zlt > 4(7”'1, J) Krzzt 3(Tkari)

AT T TG B RHE B Nk

Y- Yoo/
[ e

<p1711|

(pl[Y s (pal|Y|h2)| (1.55)

term S5

ki k .
yzjyjkykz Ujo'k E § {f; gi A }KO 4 (7“@773) K.S’& (rj,rk) Kg’zd (rlmri)
£1,€2,€3 k1,k2,k3

(=) 78 () ks 1 £ (6 0620] k20 1 s (41085011 0) ol (206500 ks0) { 1 Tt}

(k1) (4 (k) . 7 (ka) (kg) - 1(ks)] (K1) ©
X Yl(m)@[[Y? 57 @ [Y k)] }

We have only one type (a) matrix element with k1 = 0 leading to ¢; = £3 and ko = k3

_ A\
(DT |V A hoa) = ; [ B By 05) R () Ry 75) R 1) B ()
Kg’el (ri,rj) Kg’e"‘(rj,rk) Kg’él (e, 73)
Yy
b

—Vko1 /g — ko2 /A
[ gy ey [ 22T

((£,0020]k20)) (—)katt

<p2||Y(k2)0k]>\||h2>} (1.56)

term S6

ki k 1
rhti ik Y Gk =Y Y {E; gi 0 }ngf (riyry) Ky (rj,re) KOO (re,rs)

cyc [1 52 @3 kl kg k‘g

x (=)t (\/a7)30, 05 (0,0£50| k01 5010030k 0) s (£20050|k30)

(k1) (0)
X [Wl)(m)@[Y<k2>(fj)®y<k3>(fk)] ] (3:;)

k k ll 2 s£3
DD {6; &z 0 }ngt (rovry) Ky (rg,mi) K% (i, m)
£1,02,03 k1,ko, k3
x (=) tet) (/a3 0, 5 (0,0050|kq0) 01 05 (01 0050|k10) 0505 (¢20050|k30)

(k)] (@
X [y(kl)(@)@)[y(lcz)(fj)(gy(kg)(pk)} ] (5;5%)
X R RN G Ky Ky )
01,62,03 k1,ka ks

x (=) Otet0) (/a3 0, 05 (0,0050|kq0) 01 5 (010050 k10) 0505 (£20050|k30)

(k1) (0)
y [yw(m@[y<k2><fj)®y<’“3>(m>] ] (Gx5:)

12



k k 21 2 2£3
=3 X BB RN ) KOG KO ()
51 52 23 kl k2 k'3
x (=) atks 0 (\/a7)30, 05 (0,0050|k20) 01 5 (010030|k10) 505 (050050|k30)
(k4) (0)
{]{13 ks Kk }k4]€5 |:[Y( )(Ti](k4) ® [[Y(kz)o.j](k ) ®Y(k3)(fk)} 4 ]
(rj,m) KS’ZB(T%;TZ’)

1 ky ks
0,6 Y.
2 1}Kr2tl(riv7"j) K.S ’

1
DD IR Vil
£1,2,03 k1,ko, k3
x (=) tEs ) (\/a7)3 01 05 (0,0050| kg 0) 01 05 (010050| k1 0) 0205 (£50050] k50)
0)
ka ks kl}{Y(kl)(ﬁ)®[[Y(’”)Uﬂ(kn [Y(k?’)ok](ks)](kl)}

Xk1k4k5{k3 ke 1
ki ko

2 Z{ezesél

}KO el(ri,rj) Kglz(rj,rk) KS’Z?’(rk,m)
£1,02,€3 k1,ka,k3
x (—)tbtlothathatha) (\/47)3 0 05 (010050| k200105 (010£50|k10) 505 (050£50|k50)
(1.57)

k)7 (0)
| r02,) 0 o [0 @ [y 600 <]
(1.58)

This results in the three type (a) matrix elements

term S7
2

DD IRV S

We take the spin-independent part from term S3 separated into the k = 0 and the k£ = 2 contribution to obtain
1
T tz]rjkt]kykz Uzak ’ ]
51,42,@3 ki,k2,k3
x (=) Ott0) (V47301 05 (0, 0050| ko 0) 0105 (010050| k1 0) 0205 (£20050| k30)

}KO o (ri,75) K,?éiz (rj,7x) KS b (ry, i)

34
(k)]0
[y(kl)(A) ® [Y#2)(7;) @ Y59 (5 )} 1] 5.5
}KO Zl(ﬁﬂ"j) Kfé?(rjmk) KS b (ry, i)

Z Z {]Z IZ 4y
51 2,03 k1,ka k3
x (=)t (\/a7r) 30, 05 (010050 ka0)f1 £5(£10050| k1 0) 0o L5(£50050]k30)
(0)
ky ks ki YO g 1) o [y ka) 5 (k) - 7 (ks)] (Fe)
AR s [ e00] ™ e [ ) @ [0 ]
The k = 2 contribution is given by
21, 3 s a s~
5%(\/4@3( VRaths 0y 0y ls 0 ls K250 (ry, )O3 5 (g i K02 (g 1)
by f1 2 ko ks ki ke ks ki): :
A LS T L

(£50£50[k10) <£1oe50|k20><1240£50|k30>{

(0)
X |:Y(k1)( ) ® “Y(kQ)UZ] (Ka) ® [Y(kS) ](ks)} (kl):|

term S8
0
[0 0 0¥ & [y O(r,) & YO (7)) 9]

| &

04 " Tij O Thi = 4T 73Tk E
k

As a special case of this
13
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(0)
Gi -7y G- iy = VAm 13y (1010[k0) [[‘751) @ o] ®Y(k)(ﬂj)]

k

Cy & Tij §j - Thi = 47rrzirj2-k Z /%3<1010|k10><1010|k20>{ 7911 kf /4:13 }
k1,k2,k3

0
X [[01(1) ® aj(_l)] (k3) ® [Y(kl)(,,’;jk) ® Y(kz)(fki)](kg)}( )

The term has been evaluated as:

C?i TT;] Ej -Fijtijykiyjk = <1010|/€0> <€10€30|k30> <€20£4O|/€40> <€30€40‘k10>k2k2kk5k6€1€2€3€4

b bk ks kg ko o
{KS Uy k1}{1 1 k}Kﬂ’tl’z(ri,rj)Kg’e3(ri,rk)Kg’é“(rj,rk)

k‘g k4 ]fg ki5 k'6 k'l

(0)
{Y(kl)(fk) ® [[Y<’“3)ai](k5) ® [y(kogj](ke)} <’€1>}

For the type (a) matrix element we set k1 = 0 leading to ko =k, ks = k¢ = A, and {4 = /3.

Gi -y ;- Fijtijuriyin = (1010[k0) (£10030]k30) (£20£50[k40) (=) TAFTLENL 4y

0 aHe & )

Kfz’fl’ez (ri7rj)K27€3 (Ti,?"k)K(y)’é?’ (1, 7%) “Y(k?’)ai] N [Y(k‘*)aﬂ (A)} ©
term S9

. . k R (0)
(ki) (375i)thiyayse = Vam Y (1010[k0) [[GEI) 20| ey® (Tki)} (ritstka)Yij Uik
k

= (1010[k0) K510 (r, 1) K9 (v, 1) KO (g, )

Teakokihos k01 020504 (£20050(k10) (€100,0|k50) (£20£50| k40)
6ol k

5 k4 k'3 k‘g 1 1 k
(7)k6+k4+k2+k§o { by Uy ke }
R S

(0)
[1¥#95)% & [y &5 [y 1,1 *]

For the type (a) matrix element we have k3 = 0. This implies that ks = kg = A, ky = ko, and £y = ¢;.

(Gii) (375 trayigyze = (LOLO[RO) I (i ri) K2 (i) K ()
kX305(050050]k10) (£50€50|k20)

kttstr+1f 11 kEY[ki kB ko
(=) {kl ko A}{@ 0y el}
“y(kz)gi}w ® [Y(k1)0.j]()\):| ©)
term S10

©
(0iT5k) (0375)tjkYijYki = VAT Z (1010[k0) |:[o—i(1)®0](‘1)}(k)®Y(k)(7§jk):| (r2tin)VijYri
k
= (1010[k0) (£30£40|k10) (£10£50]k30) (£20£40|k40) 0105050
by by K
o ki ke k\[(ks ks k
_Ykitk2 1 2 4 3 2
fkokokske(—) {1 : k5}{1 v kﬁ}{zl 0 k}
ks ki ko

14
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ngfl’ez (rj,rk)K(y)’ES(ri, rj)KS’e“ (rg,7i)
(ks) (k)T (ks) (0)
[[y(kl)m] ® [Y(k“)(fk) ® [y(ks)gj} } ] (1.68)
For the type (a) matrix element we have ks = 0 which implies ks = k5 = A, ks = ko, and €4 = (5.

(G:i7x) (370t j1yijyr: = (1010]k0) (€30£50]k10) (£10030|k20) 7, 03
- ki ko kY(k Kk k
Nkl +a+1 [ K1 2 1 3
FAC-) { T }

1 1 btz Ay
K g, ri) Ky 2 ) B (1)
(0)
[r06)® & [y, ) (1.69)

term S11

ko ke k
Cic (F:Tk) (@il twitsnyiy = 4w Y (=)*hs(1010]k;0) (10100 { 1 72 "2

1 1
k1,ko,ks
k k
% [[U,L(l) ® O’§1)]( 3) [Y(kl)(r k) ® Y(kz)( )]( 3)] TkitkiT?ktjkyij
Ji kv ko ks\; 5555
= (=)"k; (1010]k10) (1010]k20) { 51 "2 K342y,

AAAAAAA ke k7
by 4

k4

o)
kﬁ ]417 k‘4 61 52 kl
{1 1 k}{ﬁ i k}
ks ko ks ky ks k3

(_)Z3+]€5+el Kfrzlé[l’z2 (Tj, Tk)K,f;zéZS’&l (Tkv 741')‘[{y0)‘€5 (7'2', TJ)

ks)] ()
|:Y(k5)(7ﬁk) ® |:[Y(k6)o.j](k8) ® [Y(kﬁ)o.i] (k9):|( 5 :| (170)

£50030/%50)(€10£50|kg0) (£40¢50|k70)

For the type (a) matrix element we have ks = 0. This implies 3 = {5, kg = ks = A, and k4 = k3. This gives this
term as

- S ki ko k
Ck (O’Z‘T‘jk) (O'jrki)tkitjkyij = (—)k3/€3<1010|]€10><1010|k‘20>{ ! 12 3 }316465

(ke ki k
k)\{ éi o 63}(610€5O\k60><£40650|k70>

fer ke
ke 7 ki ka ks
T AHE ¢ 8
( )k7+k2+1+62+>\K7€1 1, fz(rj rk)KkZ)gt,fz,&(rk T-)KO’Z"’(T' Tj)
i r P y (3]
{ [Y#)o, ]V @ [y ¢ g,] W} © (1.71)

term S12

1 1 1
k,k1,ko ki ko k
k . . k)7 (0)
X [[0_1(1) ® 0541)]( ) ® [Y(kl)(rij) ® Y(kZ)(’f'jk)]( )] T?jtijriktjkyki
r 1 1y
—6(1010|k10><1010|k20>{ 1 1 1 }klkk2k3k3k7k8
ki ko Kk

(£20050]%40) (£0050{50) (£40050kig0) 1 0550 405

15



b by Kk
(o b bp b U S B e o

(—)Z”kﬁeﬁﬂk“fffét’el’62 (Tiarj)Kfft’fg’&(?‘jaTk)KS’ZE’ (T8, 74)
|:|:Y(k6)(,rﬁk) ® [Y(k5)0'1] (kg):| 7 ® [Y(k4)a-j](k7):| (172)

For the type (a) matrix element we have kg = 0. This implies £5 = €4, k7 = ks = A, and k5 = k3.

1 1 1
(EZC?) (&]J) tijtjkyki = —6<1010|k10><1010]€20>{ 1 1 1 }fﬁ];‘];,‘gj\
ki ko k
(050050|k40) (€1 0040|k30) 01 503
kg k4 k ‘€1 62 kl
R RO
ks kg k
(_)€3+k2+k+k4+>\+1Kf21t,él752 (Ti; rj)KerQt,ea,le (Tj, T']{;)K:S’&l (,',,k, Ti)
(0)
“y(ks)ai}(k) ® [Y<k4>aj]<x>} (1.73)

term S13

1 1 1

(5’;6) (Ejd) tijyjktki = —6(471') Z <101O|k‘10><1010|k‘20>{ 1 1 1 }
k,k1,k2 ki ko k

(0)
% “051) ® o.](})] (k) ® [Y(kl)(fkl) ® Y(]W)(?QZJ)] (k)]

1 1 1
= —6(1010k10><1010|k20>{ 1 1 1 }klkgl%l%4l%4l%7l%g
ki ko k

(£20050|k30) (€10050]50) (£,0£50| kg0 1 0050405

by 01k
ks kg k}{k5 ke k4}{k5 ke k4} £2 ﬁl kl
1 1 ke JU1 kr ks S\ly 01 45 k?; ki k?

()R8 (e ) K2 () K ()

2, .2
TigtigTkitkiYjk

k)70
[[ws)oi}(k” & [y (5 @ [y 000,) )] 7)} (1.74)

For the type(a) matrix element we have ks =0, k7 = ks = \, {5 = {1, and kg = k4.

1 1 1
(7:@) (7;@) tijyjktki—6(1010|k10><1010k20>{1 1 1}1%1/%21%}\
ki ko k
A 62 81 kl
<£20€30|k30)(640510|k:60)€2€3£4{k?’ Fa k} s ly ky
1 1 A
ks ki k
(_)k+£4+>\+1Kf21t,€1,@2 (,,“k7 Ti)ngt/:s,& (ri’ Tj)Kg(j)7Z1 (,r.k’ Tj)
(0)
[[Y(k3)gi}(>\) ® [Y(maj](x)} (1.75)

term S14

11 1
(7:d) (Ejfi)cktijtjktki:61%1%1<1010|k20>(1010|k30><1010|k40>{kf’ kf kll}{1 1 1}

16



2 2 2
Tijtijrjktjkrkitki

*)]©
o @ oP1 ™ @ [y ) (7ri) @ Y4 (730)] ) 0 Y 4 7 | }

1 1 1
_6kk1(1010|k20><1010|k30><1010|k40>{k3 kl‘* ’“11}{1 1 1}
ki ko k
Kfft’él’éz (g, Ti)Kfélt’zg’& (rj,r k)Kk27Z57Z6 (rs, Tj)g1g2é3g4g5é6
(—)kthathrtks (0)00,40(k70) (£50£50]k100) (£30£60k110)
by Uy ks by U3 ks ko ki1 ko
o b Zl}{f4 l m}{&, s kz}{ 11 k:}
2 9k ks ki) ko ki ko) Ukin ki kr

AAAAAAAAAA (kr)]©
k3k4k8k1k9k2k8kk9k12k13{Y(’W)(rk) |:[Y(k10) }(km) [y(ku)gﬂ(kls)] 7] (1.76)

For the type (a) matrix element we set k7 = 0, which implies k15 = k13 = A, 4 = {1, kg = k, and ks = k;. For that
case we write the interaction

B o p g1 11
(@) (Ej&')cktijtjktki:Gkk‘l(101O|k20><1010|k30><1010|k40>{ B 11}{1 1 1}

ki ko k
Kfé’t’el’b (Tk, Ti)Kfft’eg’el (75, Tk)Kfft’Zs’gs (ri, 7502030506
ki ks k
(_)k3+€3+k1+k11+1+k+)\{ E;l [2 (11 }<€20€50|]€100> <€30€60|k110>
12 i3k
{ klO kll k } 22 63 kl
1 1\ 5 6 2
kio ki k
AAAAAAA (0)
hiskar koA [y 919007] @ o [y )] ] (L.77)
term Al
We write the first term of A’ as
Tl L ki k
g[ai <Gy X O] YijYikUhi = \/> >y {621 E; 0 }KO i (rg,ry) KO (rj,re) KO (g, ri)

£1,02,€3 k1,k2,k3
x (=)0 0 (0,0050]k0) €105 (010£50| k1 0) o 05 (20030 50)

1 1 1
« Z kl+k2+k3+k4+k5+k6k’4krk6{]{32 ks kl}
ka,ks,ke ks ke k4
k k k (ks) k (ke) (k)]
[0 & [y 62,00 g [y )]0

This contributes only to the type (b) matrix element. Also, as this is already symmetric under cyclic permutations
we need only one term

_ B >\>\ A A A
halVXA R (kpy+kny +A1+A2+A) M A2 A2
<p1 1| |2p2> ( ) /\ {Jm Jhl ]h}
{ <h||TA1IIh> (p1|T52(|h) = <p2IIT3IIh2> (1.78)
/\1 )\2
term A2
N " . (0)
i Z\/;(‘m)?"ij?"ﬂf [‘71(1) ® [V (Fiy) @ YO (#0)] (1)} (1.79)



x| o @ oMM @ [y (i) @ Y0 (754)] | o (1.80)

AAAAA

(6:d) (¢;@) (Grd)tijtjxtr; = (1010]k30)(1010|kg0)(1010|k70)(—)F2 T s¥ka k) koo koo foy i
1 1 1 1 1 1
3@{1 1 1}{1 1 kz}{:?’ ’]ff kll}
kQ kg kl kG k7 k5 ° *

(k1)@
{[a?) 201" @ |[of) @ Y (75)] ™) @ [y () @ Y47 (7)) } (1.81)

term A3

(1010[kO)T7tsykYri

T, L .
g(Ui X 87i5) (OkTij)tijyjeyni = (=)
1 . 1)7(0)
“051) ®O_§1)]( ) ® [01(61) ®Y(k)(rij)]( )}

= K500 () ) KO0 (g, i) KO (g 1)

k+1@
3

El 62 k /454 k'5 k'3
ky k 1
()k2+k3+1{£4 ls kl}{ 11 1 }{]j s }
k4 k5 k3 k6 k7 k2 !

0
{[Ym)ak](m @ [[ngi](ks) @ [sz)gj](kﬂ](’”)} (1.82)

term A4

(5’}6) (&'jﬁk)(]itijyjktm = \/§<1010|k‘10><101O|k‘20>]%2(—)k2+k3+k4+k6+k8+1

W .

ki ok 1 ,
{00 PR ) K5 ) KD ()

Eykokakrkgly 02030405 (010050|k50) (£40050]k60) (£20£50|k30)
{k5 ke k4}{k7 ks k4} 52 ﬁl ’;1
g by U5 S\ke ks 1 3074 2

ks ky 1

(k1) (0)

“[y(ks)ak](kﬂ o [Y(ka)o.jjl(kéi)} o [sz)@](m] (1.83)

term A5

- 1 1 &k

kk1<1010|k20><1010|k30>{1 1 1}r§jtijr§ktjkyki
ky ks Ky

.

5 (@iTk) (GkTiz) (G50 titjkyni =

By

w

(k) 1@
[0 @)1 2o @ [y () @ Y (7)) * )} (1.84)

[ —

term A6

&+ Cj = V6 dm r2r?, <1010\k10><1010|k20>(—)k2+11%2{ kll kf } }
k1,k2

(0)
x ot @ [y (i) @ Y 4 (7)) | (1.85)
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The other terms &; - @ Cy and &; - @ C; can be obtained from this by cyclic permutation (without the ;).

5@ C;Cy = —iv2 (Van )2k, Y <1010\k0><1010|k10><101O|k2>{kl ’“12 ’f}(—)’”’“?
k,k1,k2
W) o [y k) (s (k1) (k) (5, 40O
x{ai @ [V (750) @ [Y ) (i) @ Y 4 ()] | ] (1.86)

21 2 ~ (ky ko 1
3 ( )C tijYiktri = g\/6 4 r?jtijyjkr,%itki Z <1010|k10><1010‘k20>k2{ 11 12 1}
k1,k2
(0)
x [ag” ® [Y ) (y0) @ Y2 (7,)] ]
7\[4 Kkl’zl’&(r rz)Kb’&’é“(ri,rj)Kg’Zs(rj,rk)

3 (1010]40 ><1010\k20>k2{k1 kf }}

k1,k2

X <£10£50|k50> <€20€30|k30> <€40£50|k60>€1€2€3£4£5k1]€2]€3k4

{1 Kk
ks ke k
(_)tzz+es+k1+k4+k5{ fi Ef 5;1 }{ 23 £4 ko }
3 ks 1

% “y(ks)(fk) ® Y(kﬁ)(fj)} (k4) ® [Y(ke')ai} (M)} © (1.87)

term A7

2i 2 <k ke 1
_5( a@) Cjtijtinye = —gﬁ AT TRt et Y kz; (1010|k10)<1010|k20>k2{ 11 12 ! }
1,R2

(0)
« [aﬁ” ® [V (7)) @ Y2 (7,)] <1>}
2 .
_2\/;<1010|k10><1()10k20>k2{kll = 1 HE10601k50) (620650]170)
b bk
k2 1 kl k3 k4 kl
oaolke0) {2 o G él}{&; l kz}

ke kv ks

[y ® () @ Y ()] ™ @ [ 5] ("'5)}( » (1.88)
term A8

2 2 s (ky ko 1
~2(6i) Cryigtistis = —5 V6 4 yijr?ktjkr,%itm;k: (1010]k,0) 1010/ k002 { "2}
1,~k2

x[ot & [Y ) (750) @ Y ) (7)) V|
B ki ko 1Y( ks kya kaY(ks ks ko
— 2 Zoomoypomoi {5 B Tk by ks by

AAAAAAAAA by by ke
(—)kothothot1p 0, 03050, ky kokoks (€50£10]k40) <£40£30|k60><£10€20k70>{ b K }
k‘g k7 ks

(0)

K;),Kl (Tia Tj)Kf;t,fzafs (rj; rk)KfQQt,&,Zs (Tky 'ri)

V) (7} 2 75D (70105 o [y (ka) ] (K3) ©)
[ (Px) ® Gl o]

(1.89)
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term A9

% 2 3 ke ke k
~5(6@) CCutigtyntni = —5V2 (Vir ) kkzk <101O|k0>(1010|k10><1010|k2>{ i 1}
yR1,R2
1) (k) (7 (k1) (4 (k) (s (] O
X|o; ® {Y (Tjk) ® [Y ! (Tij) ® Y\ (Tk1)] ] rijtijrjktjkrkitki
=25 (Var )? 3" (1010]k0)(1010]k;0)(1010]k >{k1 K k}
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TYPE B MATRIX ELEMENTS: THREE-PI-DELTA TERM

term S1
The type (b) matrix element is
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